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We study, in the quenched approximation, Liischer's relation between pion scattering lengths and the finite- 
volume energy of two pions at rest. The quenched relation is drastically different from the full theory one; in 
particular, "enhanced finite- volume corrections" of order L° = 1 and L^^ occur at one loop [L is the linear size of 
the box), due to the special properties of the r]' in the quenched approximation. Numerical examples show that 
the size of these effects can be substantial. 
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1. Introduction 

Liisclier has shown that two pions at rest in a 
finite volume have an energy 



E= 2m, 



(1) 
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where m.^- is tlio finite volume pion mass, bq is 
the scattering length for the isospin channel un- 
der consideration (/ = 0, 2), and ci = —2.837297, 
C2 = 6.375183 [1]. This result has been used 
in attempts to determine pion scattering lengths 
from nximerical computations [2-4]. These com- 
putations, however, all used the quenched ap- 
proximation, which raises the question as to how 
Liischer's formula will change for quenched QCD. 
Here, we report on an analysis of this question 
[5] based on quenched chiral perturbation theory 
(ChPT) (for a review, see ref. [6]). 

2. Definition of energy shift 

In the numerical computations, the energy 
shifts AE = E — 2?77,^ are extracted from eu- 
clidean correlation functions. For instance, for 
the 1=2 channel 

C/=2(t) = (0|7r+(t)7r+(t)7r-(0)7r-(0)|0)eon (2) 
^ J2 e-^°^K0|7r-(0)7r-(0)|a)r 

l">7^|0> 
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1- AE/=2i + 0(i')) + ... 



where the dots indicate contributions from ex- 
cited states. The fields 7r^(t) are zero spatial mo- 



mentum fields: tt (t) = Yl 



In the quenched approximation there is no jus- 
tification for this parametrization in terms of en- 
ergies and wavefunctions, since presumably no 
hamiltonian formalism exists. However, one may 
define AE directly from the euclidean correlation 
functions this way, as was done in refs. [2-4]. Note 
however that for instance the 0(^^) terms will not 
follow the usual pattern [3]. Here we will follow 
this practice, and consider A_E/=o_2 to one loop in 
euclidean quenched ChPT, with degenerate quark 
masses. 



3. Role of the V 

The most drastic changes in eq. (1) will turn 
out to originate from the special role of the ?/ in 
the quenched approximation. The quenched rj' 
twopoint function D(p) contains a double pole 



D{p) = 



p2 _|_ ^p2 _|_ j7^2 ^2 



(3) 
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(//^ is the parameter equivalent to the singlet 
part of the rj' mass in unquenched QCD) which 
leads to new infrared divergences in diagrams con- 
tributing to pion-pion scattering at one loop in 
ChPT. These diagrams contain the double pole 
in eq. (3) on one or both internal lines, as de- 
picted in fig. 1 (for details, see refs. [5,6]). 





Figure 1. Examples of diagrams contributing to 
pion-pion scattering. The cross on the internal 
lines denotes a fi'^ insertion (c/. second term in 
eq. (3)). 
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where /- = 132 MeV is the pion decay con- 
stant, the first diagram is 0(6^) and the second 
0(6e). 0(6'^) and 0(6e) contributions to pion- 
pion scattering do not have a counterpart in the 
unquenched theory, and are the ones that we will 
consider here (for a preliminary exploration in in- 
finite volume, see ref. [7]). 

4. Results 

We will first give the results. Defining AE = 



7 1 

A TTitree \ T^tree 



and, for large m^i 



-0.3196^ + 1.26 — + 6e 



(5) 



(6) 
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- 0.159 + 6( 
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+ 0.1276^ 



27r 



0.0623 I S'' - ]^Se^ ^ 



105 J V m^i 



+ 0{e% 



. pjl-loop 



-0.0531 (6^ - 6Se) 



27r 



(7) 



Eqs (6,7) are valid up to corrections exponentially 
small in rriT^L. On should in fact use the exact 
one-loop expressions for sizeable values of m-L, 
for instance for m^i = 6. Tables for a number of 
values of m^i can be found in ref. [5]. 

There are two important observations to be 
made from these results, in particular eq. (6). 
The first two terms on the righthand side show 
that "enhanced finite volume corrections" occur, 
which have no counterpart in the full theory (c/. 
eq. (1)). We will discuss the origin of this phe- 
nomenon below. The quenched result violates the 
pattern of eq. (1) in other ways, too. For in- 
stance, the coefficients of the 1/i* terms are not 
proportional to Aq. We believe these are indica- 
tions that the quenched theory is not well defined 
in Minkowski spacetime. 

5. Origin of the enhanced finite volume 
corrections 

Let us consider a correlation function like eq. 
(2), where two pions are created at time and 
annihilated at time t. The simplest possible con- 
tribution is the one where the two pions do not 
interact at all, giving a contribution 



i^esp(— 2m^i) 



(8) 



(for this disconnected contribution there are two 
independent sums over the spatial volume). The 
second diagram in fig. 1 leads to a contribution 

(9) 



J dti dt2 dty 



-2(tj(k)-m,)(ti-t2) 



where w(k) = ■>J + k^. The times ti i corre- 
spond to the two four-pion vertices, and tx to the 
/i^ insertion on the internal line. The enhanced 
terms come from that part of the integration re- 
gion for which < ^2 < < < ^- The in- 
tegration over ix is special to the quenched ap- 
proximation, and comes from the double pole in 
eq. (3). It leads to an extra factor — f-j, and af- 
ter integrating over ti 2 we obtain a contribution 
linear in t 



kj^o 



1 



(w(k) - m^y 



-t 



(10) 
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(the k = term in eq. (9) leads to an 0{t-) contri- 
bution). For k = (27r/i,0,0) and 27r/m-,i < 1 
we have Lw'(k) — ~ i/L^- and tlieroforo eq. (9) 
is of order X^. Comparing with eq. (2) (using eq. 
(8) to determine Z) we finally get 



AE ~ 6e/i^ 



(11) 



i.e. the 6e part of the second term on the right 
of eq. (6). A similar argument leads to a lead- 
ing contribution AE ~ fi'^ coming from tlio first 
diagram in fig. f . It is precisely the double pole 
term in the rj' twopoint function that leads to the 
enhanced finite volume corrections. 

6. Excited states 

Of course, apart from the lowest state contribu- 
tions discussed sofar. there are also excited state 
contributions to eq. (2) of the form 



(12) 



which may contaminate the lowest state contri- 
bution in a numerical computation. The first ex- 
cited state has k = (27r/X,0,0), and therefore, in 
order to have a good separation between the low- 
est state and the first excited state, one requires 



n = 2m J 




1 > 1. 



(13) 



However, in order to use eq. (2) to extract AE, 
one also has to have that 



\AE^'^H\ < 1. 



(14) 



Since AE is roughly inversely proportional to 
(eq. (5); the one-loop corrections have to be small 
for ChPT to be valid), it is nontrivial to satisfy 
both constraints simultaneously. To what extent 
they are satisfied (as well as whether ChPT is 
converging) has to be checked in each particular 
case of interest. 

7. Numerical examples 

We would like to illustrate our results with 
some numerical examples. We will first discuss 
a "real world" example, and then turn to the lat- 
tice computation of ref. [4]. 



7.1. ''Real world" 

We will take = 140 MeV, U = 132 MeV, 
6 = 0.1 [8] and m^i = 6. One obtains [5] 







-loop 


/ = 





-1.3 MeV 


-0.3 MeV 


/ = 


2 


0.36 MeV 


-0.07 MeV 



(15) 



For this example, the one-loop corrections are of 
order 25% of the tree-level terms. For larger vol- 
umes the one-loop corrections become large rel- 
ative to the tree-level terms. For instance, for 
m^L = 8, A_Ei-i°°P/AX;*'^^|j=o = 63% and 
^^i-ioop/^^tree|^^^ = 240% for m^L = 12. 

Clearly, quenched ChPT breaks down for these 
values of L. This is due to the enhanced finite 
volume terms in eq. (6). And, as one would ex- 
pect, ChPT also breaks down for small values of 
m^X. (m^i = 4 is still ok.) We should note that 
a larger value for 6 also increases the one-loop 
corrections. 

To conclude this example, we note that if we 
choose f such that | Ai5*''''''t| ~ 0.1, we have 
Qj^a = 10 and nT=2 = 35. 

7.2. Com,putation of Kuramashi et al. 

We now turn to the most recent lattice deter- 
mination of pion scattering lengths. Kuramashi 
et al. [4] performed a lattice computation on a 
12-^ X 20 lattice at j = 5.7. They used Wilson 
fermions with af~ = 0.143 and am- = 0.508, 
and staggered fermions with a f~ = 0.187 and 
am^ = 0.29. They did not include the so-called 
"double-annihilation" diagram, which leads to a 
somewhat different expression for A^^-g °P [5]. 
Again with 6 = 0.1, we obtain for their staggered 
fermion parameters 







r/AE'-'""'^ 


/ = 





-0.029 


0.0002 


/ = 


2 


0.0083 


-0.0017 



(16) 



and for their Wilson fermion parameters 





aAE*'^'' 


r/AEl-'""'^ 


/ = 





-0.050 


0.005 


/ = 


2 


0.014 


0.001 



(17) 



The one-loop corrections in this case are less than 
20%. 
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Kuramashi et al. used a fitting range 4 < i < 9, 
wiiicii leads to tiie following values for the quan- 
tities of eqs. (13,14): 

staggered : \\E%lt\ = 0.26 @ t = 9, (18) 
ftj^o =2.4 @ t = 4. 

Wilson : \AEf^lt\ = 0.45 @ t = 9, (19) 
ftj^o = 1.8 @ t = 4, 

Clearly, one would like to have a considerably 
larger separation of the six excited states with 
|k| = 2it/L. 

8. Conclusion 

We have calculated the two-pion finite volume 
energy shifts in the quenched approximation, us- 
ing quenched ChPT. The enhanced finite volume 
corrections that show up at one loop in the energy 
shifts (and do not have a counterpart in the un- 
quenched theory) are yet another example of the 
bad infrared behavior of the quenched approxi- 
mation. These corrections lead to a breakdown 
of ChPT in large volumes. With examples we 
also showed that reasonable choices of parame- 
ters exist for which the one-loop corrections are 
moderately small relative to the tree-level contri- 
butions. 

It should be clear from our discussion that the 
quenched one-loop terms have no relation to those 
in the full theory. In order for the quenched the- 
ory to be close to the unquenched theory, a mini- 
mal recjuirement therefore is that one-loop contri- 
butions in both theories be small. For pion scat- 
tering lengths this implies that the minimal error 
from quenching is of order 25%. since that is the 
size of one-loop corrections in unquenched ChPT 
[9]. ^ 

Finally, we would like to note that apparently 
only the euclidean quenched theory is well de- 
fined. A nonperturbative, hamiltonian analy- 
sis along the lines of the second reference of [1] 
does not seem possible. Nevertheless, one may 
formally define quenched pion scattering lengths 
from the terms in AE [5]. One finds that 

they are linearly divergent in the pion mass at 
one loop, again as a consequence of the peculiar 
role of the rj' in the quenched theory. 
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